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Interplay of disorder and nonllnearlty

Waves in disordered medida Anderson localization[Anderson,

Phys. Rev. (1958)]. Experiments on BEC [Billy et al., Nature (2008)

Waves in nonlinear disordered medid localization or
delocalization?

Theoretical and/or numerical studiegShepelyansky, PRL
(1993)i Molina, Phys. Rev. B (1998j Pikovsky & -
Shepelyansky, PRL (2008) Kopidakis et al., PRL (2008)i
Flachet al.,PRL (2009171 S. et al, PRE (2009 1T Mulansky &
Pikovsky, EPL (2010)i S. & Flach, PRE (2010)1 Laptyeva et
al., EPL (2010)i Mulansky et al., PRE & J.Stat.Phys(2011)i :
Bodyfelt et al.,, PRE (2011) Bodyfelt et al., IJBC (2011) -

Experiments: propagation of light in disordered 1d waveguidé
lattices [Lahini et al., PRL (2008)]

m-T)

u

2_7 2D core




The disordered Kleini Gordon (DKG) model
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with fixed boundary conditionsu,=py,=Uy.;=Pn+1=0. Typically N=1000.

el 3 ;
Parameters:W and thetotal energy E. U chosen uniformly from 2 & 5 1

Linear case(neglecting the termu,%/4)
Ansatz: u=A exp(rrt). Normal modes (NMs)A,, - Eigenvalue problem:
oA =UA - (A + Ay with & = Wy - W+ 2,7
The disordered dirscret
(DDNLS) equation

We also consider the system:
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Conserved quantities:The energy and the normS = Q I|yI |20f the wave packet.

\{VE gandb Is the nonlineaparameter.



Distribution: characterization
E,

aE

(u 3-+u1) for the DKG model,

We consider normalizedenergy distributions Z3
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and norm distributions  z, 1

for the DDNLS system.
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measures the number of stronger excited modes m)
Single siteP=1. Equipartition of energy P=N.

Participation number: P =



Different Dynamical Regimes

Three expected evolution regimef-lach, Chem. Phys (2010) S. & Flach,
PRE (2010)- Laptyeva et al., EPL (2010} Bodyfelt et al., PRE (2011)]

o width of the frequency spectrum, d: average spacing of interacting modes,
u: nonlinear frequency shift.

Weak Chaos Regimell d, m,Ot!3

Frequency shift is less than the average spacing of interacting modes. NMs are
weakly interacting with each other. [Molina, PRB (1998) Pikovsky, &
Shepelyansky, PRL (2008)].

Intermediate Strong Chaos Regime: d& <,qp m,Ot¥2° m,Ot3

Almost all NMs in the packet are resonantly interacting. Wave packets initially
spread faster and eventually enter the weak chaos regime.

Selftrapping Regime:u>m

Frequency shift exceeds the spectrum width. Frequencies of excited NMs are
tuned out of resonances with the nonexcited ones, leading to selftrapping, while a
small part of the wave packet subdiffuses [Kopidakis et al., PRL (2008)].



Single site excitations

DDNLS W=4,b6=0.1,1,4.5 DKG W=4,E =0.05,0.4,1.5
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No strong chaos regime

In weak chaos regime we
averaged the measured
exponentU (m,~tY) over
20 realizations:

0 NODRB(DKG)

U
U= 0 NOD3PODLNS)

Flach et al.,PRL (2009
S. et al, PRE (2009



DKG:: Different spreading regimes
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Crossover from strong to weak chaos
(block excitations)

DDNLS b=0.04,0.72 3.6 DKG E=0.01,0.2,0.75
s T T T T I T T T T T W=4

Average over 1000 realizations!

d(l
a(logt) = logm)
. dlogt
; < U 2/2
U 4/3

Laptyevaet al.,EPL (2010)
Bodyfelt et al., PRE (2011)




Variational Equations

We use the notation x = (94,0, ,dn.P1,P»€ Py’ The
deviation vector from a givenorbit is denotedby

v = (Ux,, UX,, eux,)", with n=2N

The time evolution of v is given by
the sacalled variational equations:

dv .
—=-J® ¢
dt
where
30 | G 2
g e o WH oo

Benettin & Galgani, 1979, in Laval and Gressillon (eds.), op cit, 93



Maximum Lyapunov Exponent

Chaos: sensitive dependence on initial conditions.

Roughly speaking, the Lyapunov exponents of a given orbit characterize the
mean exponential rate of divergencef trajectories surrounding it.

Consider an orbit in the 2N-dimensional phase space witmitial condition
X(0) and an initial deviation vector from it v(0). Then the mean exponential

rate of divergence is:

MLCE = 8
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Figure 5.7. Behavior of ¢ , at the intermediate energy E = 0.125 for initial points
taken in the ordered (curves 1-3) or stochastic (curves 4-6) regions {after Benettin

et al., 1976).



Symplectic integration

We apply the 2-part splitting integrator ABA864 [Blanes et al., Appl.
Num. Math. (2013)7 Senyange & S., EPJ ST (2018)] to the DKG model:

H = L+ T uc+ Syt ———
: 91885 2" 4" 2w

and the 3-part splitting integrator ABC%gg[S. etal., Phys. Let. A(2014 i
Gerlachet al., EPJ ST (20151 Danieli et al., MinE (2019)] tothe DDNLS
system
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Ho=4 gg(qf+ nz)+§(q2 + 17) - 0o - Py Poes

By using the so-called Tangent Map method we extend these symplectic
Integration schemesin order to integrate simultaneously the variational
equations|[S. & Gerlach, PRE (2010 T Gerlach & S., Discr. Cont. Dyn. Sys
(2010 7 Gerlachetal., IJBC (2012].



Block excitation
L =37 sites,
E=0.37, W=3

DKG: Weak Chaos
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(b)

DKG: Weak Chaos

Individual runs

E=0.4, W=4

Average over 50 realizations

Single site excitationE=0.4,
w=4
Block excitation (L=21 sites)
E=0.21, W=4
Block excitation (L=37 sites)
E=0.37, W=3

S. etal., PRL (2013)




Weak Chaos:DKG and DDNLS

DKG DDNLS

<log;y AM1)>

Average over 100 realizations [Senyange, Many Manda & S., PRE (2018)]

Block excitation (L=37 sites) E=0.37, W=3 Block excitation (L=21 sites)o .04, W=4
Single site excitationE=0.4, W=4 Single site excitatiorb %, W=4

Block excitation (L=21 sites) E=0.21, W=4 Single site excitationb = Q W83

Block excitation (L=13 sites) E=0.26, W=5 Block excitation (L=21 sites)0=0.03, W=3



Strong Chaos DKG and DDNLS

DDNLS
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logygt logjpt

Average over 100 realizations [Senyange, Many Manda & S., PRE (2018)]

Block excitation (L=83 sites) E=0.83, W=2 Block excitation (L=21 sites)p 8.62, W=3.5
Block excitation (L=37 sites) E=0.37, W=3 Block excitation (L=21 sites) =% W=3
Block excitation (L=83 sites) E=0.83, W=3 Block excitation (L=21 sites)=0.72, W=3.5



Deviation Vector Distributions (DVDSs)

0
Energy
o | .
Q_ w Fl“ DKG
o W weak chaos
2 8 | | L=37 sites,
> f‘ \ E=0.37, W=3
= |
g T 1
-12 Hr’ l\“ _|
f 1
16 | [ | | b
400 600 800 1000
/
2 2
+
Deviation vector: DVD: XD — dul 4}

v(t)=(Uu,(t), Gu,(t),€ , Uuy(t), Tp,(t), Up,(t),€ , Upy(t)) o a (0'U|2 + CIQZ)



Deviation Vector Distributions (DVDSs)

DKG: weak chaos. L=37 sites, E=0.37, W=3
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Weak Chaos:DKG and DDNLS

Energy DVD

-200 (l) 200 -200 (l) 200

DKG: W=3, L=37, E=0.37 DDNLS: W=4, L=21, b=0.04



Deviation Vector Distributions (DVDSs)

DDNLS: strong chaos W=3.5, L=21bH=0.72
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Strong Chaos DKG and DDNLS

Energy DVD Norm DVD
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DKG: W=3, L=83, E=8.3 DDNLS: W=3.5, L=21,b=0.72



Characteristics of DVDs

Weak chaos Strong chaos

DKG DDNLS




Characteristics of DVDs

KG weak chaos
L=37, E=0.37, W=3
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Granular chains
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Granular media

Examples: coal, sand, rice,
nuts, coffee etc.
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Hamiltonian model
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P 2405 52 _ 2, s/2 4 530
H= Z (2??’? T ?fln’[{jn T Up—1 — 'u'?l}+ o ?‘4”(});; _ fln{jnz ('u'n—l — Uﬂ,)
) 5
n=1 e

5, = (F/A,)*3 = (2/3)EV/(Ru_1R.)/(Ruey + R,) /(1= 17)

[X] .=0 if x<0: formation of a gap (nonsmooth nonlinearities).

(o]
Hertzian forces between spherical beads: P o i s s dJhE@stic modulus. o



Hamiltonian model

—
n-1 n n+l
Pn 5 2
H = Z ( %5?1 + Up—1 — un + b ' un 1 — Unp )
(_sn:(F/An)sz A, = (2/3)EV(Ry1Ry)/(Ry1 + R, /(1 —1?)

[X] .=0 if x<0: formation of a gap (nonsmooth nonlinearities).

(o]
Hertzian forces between spherical beads: P o i s s dJhE@stic modulus. o

Disorder both in couplings and masses
R, T [R,IRlwithU O 1
Mean radius = 0.01 m,U=5 , F=1N, Fixed boundary conditions



Eigenmodesand single site excitations

. .. Disorder realization
with N=100 beads

Displacement

. D excitation of bead n
o e
05E= =S eEEE = Hoo == s ——
10 20 30 40 50 n' 60 70 80 90 100
80 ) ! ! T T T - - -
60 o Participation number
P ZEM ] of eigenmodes.
%0 0.5 1 15 5 25 3 35 About 10 _eXtended
W modes with P>40

Achilleoset al., PRE, 2018



Weak nonlinearity: Long time evolution

Delocalization Delocalization | ocalization



